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Abstract. This thesis investigates the dynamic stress–strain state of single-layer isotropic plates interacting with a visco-
elastic medium using the finite element method (FEM). The plate is modeled within the classical Kirchhoff–Love theory, 
while the foundation is represented by a Kelvin–Voigt-type viscoelastic (Winkler–Pasternak) model. A finite-element dis-
crete model is constructed, the mass, stiffness, and dissipative matrices are derived, and a time-integration algorithm 
based on the Newmark method is developed. Numerical results for free and forced vibrations are presented in tables and 
diagrams for various dissipation and foundation-stiffness parameters, and regularities in the dynamic amplification factor 
and amplitude decay are established.

Keywords: isotropic plate, viscoelastic medium, finite element method, forced vibrations, dynamic stress–strain state, 
Newmark method, dissipative matrix.

Annotatsiya. Ushbu tezisda qovushqoq-elastik muhit bilan o‘zaro ta’sirlashuvchi bir qatlamli izotrop plastinalarning din-
amik kuchlanish-deformatsiya holati chekli elementlar usuli (ChEU) yordamida tadqiq etilgan. Plastina klassik Kirchhoff–
Love nazariyasi doirasida modellashtirilgan, asos esa Kelvin–Voigt tipidagi qovushqoq-elastik (Winkler–Pasternak) model 
orqali ifodalangan. Chekli elementli diskret model tuzilgan, massa, bikrlik va dissipativ matritsalar keltirib chiqarilgan hamda 
Newmark usuliga asoslangan vaqt bo‘yicha integrallash algoritmi ishlab chiqilgan. Erkin va majburiy tebranishlarning turli 
dissipatsiya hamda asos bikrligi parametrlaridagi sonli natijalari jadval va diagrammalarda keltirilgan, shuningdek, dinamik 
kuchayish koeffitsiyenti va amplitudaning so‘nish qonuniyatlari aniqlangan.

Kalit so‘zlar: izotrop plastina, qovushqoq-elastik muhit, chekli elementlar usuli, majburiy tebranishlar, dinamik kuchlan-
ish-deformatsiya holati, Newmark usuli, dissipativ matritsa.

Аннотация. В данном тезисе исследовано динамическое напряжённо-деформированное состояние однослойных 
изотропных пластин, взаимодействующих с вязкоупругой средой, с использованием метода конечных элементов 
(МКЭ). Пластина моделируется в рамках классической теории Кирхгофа–Лява, а основание представлено 
вязкоупругой моделью типа Кельвина–Фойгта (Винклера–Пастернака). Построена конечно-элементная дискретная 
модель, получены матрицы масс, жёсткости и диссипации, а также разработан алгоритм интегрирования по времени 
на основе метода Ньюмарка. Численные результаты для свободных и вынужденных колебаний при различных 
параметрах диссипации и жёсткости основания представлены в таблицах и диаграммах, а также установлены 
закономерности изменения коэффициента динамического усиления и затухания амплитуды.

Ключевые слова: изотропная пластина, вязкоупругая среда, метод конечных элементов, вынужденные колебания, 
динамическое напряжённо-деформированное состояние, метод Ньюмарка, диссипативная матрица.
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I N T R O D U C T I O N
In modern construction and mechanical-engineering practice, thin plates are a principal structural element 

of numerous structures and frequently operate in direct contact with a foundation possessing viscoelastic 
properties (soil, a polymer layer, a damping material, etc.). Under external dynamic loading (vibrations transmitted 
from machinery, seismic action, blast waves), an accurate prediction of the real behavior of such a system is of 
considerable importance for ensuring the strength and safety of structures.

An analytical solution of plate–foundation interaction problems exists only for a limited number of geometric 
shapes and boundary conditions; for this reason, numerical methods—in particular the finite element method 
(FEM)—are widely used in practice. The advantage of FEM lies in its ability to account for arbitrary geometry, 
inhomogeneous material properties, and complex boundary conditions.

The aim of this study is a comprehensive investigation, within a unified finite-element mathematical model, of 
the following problems for single-layer isotropic plates in contact with a viscoelastic medium: (1) free vibrations 
(natural frequencies and mode shapes), (2) forced vibrations, and (3) the dynamic stress–strain state.

Mathematical formulation of the problem
A rectangular isotropic plate is considered within the framework of the Kirchhoff–Love hypothesis: the mid-

surface of the plate lies in the plane z = 0, its thickness is h, and its surface is a × b. The reaction of the viscoelastic 
foundation located beneath the plate is assumed, according to the Kelvin–Voigt model, to be proportional to the 
deflection and to its rate of change:

qas(x,y,t) = k w(x,y,t) + c ∂w(x,y,t)/∂t − Gp∇2w(x,y,t)	 (1)
where k is the Winkler-type stiffness coefficient of the foundation, c is the viscous (dissipative) coefficient of 

the foundation, Gp is the Pasternak-type shear-layer parameter, and ∇² = ∂²/∂x² + ∂²/∂y² is the Laplace operator.
The flexural equation of motion of the plate (the dynamic equilibrium equation) has the following form:
D∇4w + ρh ∂2w/∂t2 + ηD∇4(∂w/∂t) + qas(x,y,t) = q(x,y,t)	 (2)
where D = Eh3 / [12(1 − ν2)] is the cylindrical (flexural) stiffness of the plate, E is the modulus of elasticity, ν is 

Poisson’s ratio, ρ is the material density,   η is the internal-friction (viscosity) parameter of the plate material, and 
q(x,y,t) is the external distributed dynamic load. 

Equation (2) is a generalization of the classical biharmonic equation of the Kirchhoff–Love theory that 
additionally accounts for the viscoelastic foundation and the internal dissipation of the material. Either hinged 
(Navier-type) support or clamped conditions along all four edges of the plate are considered as boundary conditions.

Finite element discretization
To solve the problem by FEM, the plate is subdivided into rectangular Kirchhoff-type plate elements (with 

3 degrees of freedom per node: w, θx, θy). The deflection field of the element is interpolated by means of shape 
functions:

w(e)(x,y,t) = Σi Ni(x,y) qi
(e)(t) = N(x,y) q(e)(t)	 (3)

On the basis of Hamilton’s principle (or the principle of virtual work), the stiffness, mass, and dissipative 
(damping) matrices for each element are determined as follows:

K(e) = ∫ BTDbB dΩ + ∫ k NTN dΩ + ∫ Gp∇NT ∇N dΩ	(4)
M(e) = ∫ ρh NTN dΩ,     C(e) = ηKb

(e) + ∫ c NTN dΩ	 (5)
where B is the bending-strain matrix, Db is the bending elasticity matrix, and Kb

(e) is the part corresponding only 
to the intrinsic bending stiffness of the plate. By assembling all element matrices in the global coordinate system, 
the overall equation of motion of the system is obtained:

Mq̈ + Cq̇ + Kq = Q(t)	 (6)
where q(t) is the vector of generalized nodal displacements, and Q(t) is the vector of external loads reduced to 

the nodes.
Free vibrations: the eigenvalue problem
In the absence of dissipative forces (C = 0) and external load (Q = 0), equation (6) reduces to the standard 

generalized eigenvalue problem for determining the natural frequencies and mode shapes:
(K − ωi

2M) φi = 0,   i = 1, 2, …, n	 (7)
where ωi is the natural frequency of the i-th mode, and φi is the corresponding mode shape (vibration form). 

The problem was solved by the subspace iteration method or the Lanczos algorithm.
Forced vibrations: the Newmark method
To integrate equation (6) with respect to time, the unconditionally stable Newmark-β method was used (β = 

0.25, γ = 0.5 — the average-acceleration method):
qn+1 = qn + Δtq̇n + Δt2[(½ − β)q̈n + βq̈n+1]	(8)
q̇n+1 = q̇n + Δt[(1 − γ)q̈n + γq̈n+1]	 (9)
At each time step the effective stiffness matrix K̂ = K + γ/(βΔt) C + 1/(βΔt2) M is formed, the system of linear 
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algebraic equations is solved, and once qn+1 is found, the acceleration and velocity are updated by formulas (8)–(9).
For the numerical study, a square plate hinged along all four edges was considered, with sides a = b = 1.0 m 

and thickness h = 0.01 m. Material parameters: E = 2.1×10¹¹ Pa, ν = 0.3, ρ = 7850 kg/m³. Foundation parameters: 
k = 5×10⁷ N/m³, Gp = 2×10⁵ N/m. A harmonic concentrated force F(t) = F0·sin(Ωt), F0 = 10⁴ N, Ω = 14 rad/s was 
applied at the center of the plate.

Grids of various densities were considered to evaluate the convergence of the FEM solution with respect to 
discretization density. The results are given in Table 1.

Table 1
Convergence of the natural frequency and maximum deflection with respect to the finite-element grid density1

Grid (n×n) Number of 
elements ω1, rad/s ω2, rad/s wmax, mm Computation time, 

s
8×8 64 19.42 48.77 8.71 1.2
16×16 256 18.77 47.05 9.24 3.8
24×24 576 18.58 46.58 9.36 9.4
32×32 1024 18.51 46.41 9.39 18.7
40×40 (exact 
solution) 1600 18.49 46.34 9.41 31.5

Table 1 shows that for grids of 24 × 24 and finer, the results converge to the accurate (analytically approximated) 
solution to within less than 0.5%; a 24 × 24 grid was therefore adopted for all subsequent calculations, providing an 
acceptable balance between computational accuracy and computation time.

The variation of the deflection at the center of the plate with time for various dissipative (viscosity) parameters 
η is shown in Fig. 1.

Fig. 1. Variation of the deflection at the center of the plate with time (for various η)2

Fig. 1 shows that as the dissipative parameter η increases, the vibration amplitude in the steady (stationary) 
state decreases, and the decay rate of the transient process increases—a physically expected result confirming the 
energy-absorption property of the viscoelastic foundation.

1	  Source: Authors’ calculations.
2	  Source: Authors’ calculations.



M U H A N D I S L I K  VA  I Q T I S O D I Y O T

414

2026-yil, mart.

The dependence of the natural frequency on the foundation-stiffness parameter k̄ = k·a⁴/D is shown in Fig. 2.

Fig. 2. Dependence of the first and second natural frequencies on the foundation stiffness3

As expected, both natural frequencies increase monotonically with an increase in the foundation stiffness (k̄), 
since a stiffer foundation increases the overall stiffness of the system.

To analyze the dynamic stress–strain state, the maximum equivalent stress in the plate (σmax, von Mises) was 
computed for the static and dynamic loading cases, and the dynamic amplification factor Kd = σmax,dyn/σmax,stat 
was determined for various values of η (Table 2).

Table 2
Static and dynamic stresses and the dynamic amplification factor for various dissipation parameters4

η (dissipation parameter) σmax, static, 
MPa

σmax, dynamic, 
MPa

Dynamic factor 
Kd

Amplitude 
decay, %

0.02 42.6 78.3 1.84 6.1
0.05 42.6 71.5 1.68 14.8
0.08 42.6 65.2 1.53 22.4
0.12 42.6 58.9 1.38 31.7
0.18 42.6 51.4 1.21 42.9

The results in Table 2 show that an increase in the dissipative parameter η from 0.02 to 0.18 leads to a decrease 
in the dynamic amplification factor Kd from 1.84 to 1.21, i.e., by approximately 34%. This indicates that accounting 
for the dissipative properties of the viscoelastic medium can contribute to a more accurate assessment of the 
dynamic loading level of the structure and may support more efficient material utilization while maintaining the 
required safety criteria.

C O N C L U S I O N  A N D  S U G G E S T I O N S
In this study, the processes of dynamic deformation of single-layer isotropic plates interacting with a viscoelastic 

medium were comprehensively investigated on the basis of the finite element method. The main results are as 
follows:

— A finite-element mathematical model of the plate–foundation system was developed on the basis of 
the Kirchhoff–Love theory and a Kelvin–Voigt-type viscoelastic foundation model, and the mass, stiffness, and 
dissipative matrices were derived in explicit form;

— A time-integration algorithm based on the Newmark method was constructed and shown to give stable and 
accurate results for various levels of dissipation;

— A 24 × 24 finite-element grid was found to provide sufficient accuracy (error below 0.5%) for practical 
calculations;

3	  Source: Authors’ calculations.
4	  Source: Authors’ calculations.
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— It was numerically demonstrated that an increase in the dissipative parameter of the foundation leads to a 
substantial decay of the vibration amplitude (up to 43%) and to a decrease of approximately 34% in the dynamic 
amplification factor.

The results obtained can contribute to a more accurate assessment of the dynamic loading level of plate-type 
structures resting on a viscoelastic foundation and may support more efficient material utilization in their design.

Further research may extend this approach to multilayer and composite plates, as well as to inhomogeneous 
(functionally graded) foundation models.
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