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Abstract: This article investigates nonparametric sequential estimation of functionals of an unknown distribution using
fixed-width confidence intervals. General conditions for the asymptotic consistency of the intervals and the asymptotic
efficiency of stopping times are established. These conditions are verified through sequential interval estimation of the
unknown probability density of a linear random process. The approach is based on limit theorems for randomly stopped
stochastic processes, providing rigorous asymptotic guarantees.
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Annotatsiya: Ushbu maqgolada notaragsimli izchil statistik baholashning fiksirlangan kenglikdagi ishonch intervallari orgali
amalga oshirilishi o‘rganilgan. Noma’lum tagsimot funksiyasi funksionallarini izchil baholash uchun asimptotik moslik
va to’xtash momentining asimptotik samaradorligiga oid umumiy shartlar keltiriigan. Ushbu shartlar chizigli tasodifiy
jarayonning ehtimollik zichligini izchil interval baholash misolida tekshirilgan. Natijada tasodifiy to‘xtatilgan stoxastik
jarayonlarga oid chekli teoremalarga asoslangan yondashuvning afzalliklari asoslab berilgan.

Kalit so'zlar: tasodifiy kattalik, to‘’xtash momenti, ishonch intervali, fiksirlangan kenglik, asimptotik moslik, asimptotik
samaradorlik, ehtimollik zichligi, chizigli tasodifiy jarayon.

AHHOTauus: B cTatbe paccmaTpmBaeTcsa mnocregoBaTtesibHas OueHka beHKLI,VIOHaJ'IOB HEeN3BeCTHOM  (DYHKLMM
pacnpegeneHna ¢ MoMOLLbI OOBEPUTESbHBIX MHTEPBaNoB (UKCUPOBAHHOW LUMPUHBI. |_|OJ'Iy‘~IeHbI obwwue ycnoBus
aCMMNTOTMYECKOWN COrNacoBaHHOCTM TaknMX MHTEPBAroB M aCUMNTOTUYECKON 3(PFEKTUBHOCTU MOMEHTA OCTAHOBKM. O1n
yCcnoBusa npoBepeHbl Ha npumepe nocnegoBaTenbHON MHTEPBasribHOM OLIEHKM HEU3BECTHOW MAOTHOCTU pacnpeneneHns
NIMHENHOro CJ'Iy‘-IaVIHOFO npouecca. lMogxoa ocHOBaH Ha npedernbHbIX TeopeMax Ans cnyqaﬁHo OCTaHOBJITEHHbIX
CTOXaCTNU4YeCKnX npoueccos, 4TO obecneunBaet CTporme acumMmnToTn4eckme pesynbraTtbl.

Knioyeeble crnoea: crnyyanHas BenuM4MHa, MOMEHT OCTaHOBKW, AOBEPUTENbHbIA UHTEpBar, (PMKCUpoBaHHAs LUMPUHA,
acUMNTOTUYECKas COrMacoBaHHOCTb, acuMnToTudeckas 3EeKTUBHOCTb, MMOTHOCTb pacnpeneneHvs, NMHENHbIN
CryYarHbIn npoLecc.

INTRODUCTION

Sequential statistical methods have become essential in modern data-driven environments where
observations arrive gradually and the stopping time of analysis must adapt to the behavior of the data. Unlike
classical fixed-sample procedures, sequential confidence estimation allows researchers to determine the
sample size dynamically, ensuring that inference is guided by precision requirements rather than arbitrary
pre-specified observation counts. Within this framework, constructing fixed-width confidence intervals for
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nonparametric targets presents unique theoretical challenges, particularly due to the absence of distributional
assumptions and the dependence of stopping rules on observed sample paths.

Recent advances highlight the need for procedures that guarantee both asymptotic consistency of the
resulting estimators and asymptotic efficiency of the stopping rules. These properties ensure that the confidence
intervals converge to the true parameter with the desired coverage probability and that the expected stopping
time approaches the theoretical lower bound. This paper investigates nonparametric sequential confidence
estimation under fixed-width constraints, develops conditions ensuring the strong asymptotic properties
of the procedures, and contributes to the growing literature on adaptive and distribution-free inference. By
establishing rigorous theoretical guarantees, the study provides a foundation for designing practical sequential
algorithms suitable for real-time systems, large-scale monitoring, and data streams where flexibility and
statistical robustness are equally critical.

REVIEW OF LITERATURE ON THE SUBJECT

J.Chow and N.Robbins [2] developed the basic asymptotic theory of sequential confidence estimation
by fixed-width intervals in the general case. They considered the problem of estimating the average unknown
distribution under the sole assumption of the existence of a second distribution moment. The problem of
confidence estimation of the average value by fixed-width intervals for a distribution that is attracted to a stable
distribution that does not have a second-order moment is considered in the author’s work [3].

A comprehensive review of works on sequential nonparametric estimation by fixed-width intervals
published before 1997 is given in the monograph by M.Ghosh, N. Makhopadhyay and P. Sen [4].

Of the subsequent works, it is worth noting the work of T. Shiohama and S.Tanagushi [5], where the point
and interval sequential estimation of the integral functional from an unknown spectral density of a Gaussian
stationary process is studied. The work by N. Makhopadhyay and D.Silva [6] provides an overview of applications
of sequential estimation methods, including nonparametric estimation by fixed-width intervals.

In scientific papers published in recent years [7-13], asymptotic problems of sequential statistical analysis
have been studied, in [9-13] scientific articles - problems of sequential interval estimation, and in scientific
articles [7,8] - problems of sequential point estimation.

Scientific articles [13-16] have investigated the problems of sequential point estimation of exponential,
gamma, and Bernoulli distributions. Consistent nonparametric point estimation of the hazard function has been
studied in scientific articles [17-19].

Since [2], many authors have used the classical theorem F. Anscombe [21] in specific statistical models
to prove the asymptotic validity of confidence intervals of a fixed width. on the marginal distribution of random
sequences with random indexes, which assumed the fulfilment of the condition of “uniform continuity in
probability”. An overview of such works is given in the monograph [4]. An alternative approach to proving
the asymptotic consistency of fixed-width confidence intervals based on the weak principle of invariance is
considered in detail in P.Sen [22].

In our work, to prove the asymptotic consistency of confidence intervals of a fixed width, we used an
approach based on the application of limit theorems for randomly stopped stochastic processes developed
by D.Silvestrov [23]. The first part of the paper presents general conditions for the asymptotic consistency of
a fixed-width confidence interval and the asymptotic efficiency of the stopping moment in sequential interval

estimation of a wide class of functionals H(F) from an unknown distribution function F(x),x € Rl from a

family Y of distribution functions satisfying certain regularity conditions. In the second part of the paper, these
general conditions are verified by sequential interval estimation of an unknown probability density of a linear
random process.

RESEARCH METHODOLOGY

The research methodology is based on data obtained from sequential observations of independent random
variables and their functional estimators within the chosen statistical models. The analytical process relies on
sequential analysis techniques, where asymptotic properties of estimators, random stopping rules, and limit
theorems are applied to assess the consistency and efficiency of fixed-width confidence intervals.

ANALYSIS AND RESULTS

Unlike classical methods of mathematical statistics, in which the number of observations is fixed in advance,
sequential analysis methods are characterized by the fact that the moment of termination of observations (the
moment of stopping) is random and is determined depending on the values of the observed data and on the
adopted measure of optimality of the constructed statistical estimate in the statistical model under study.
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For a simple statistical model, we present the basic asymptotic problem of sequential estimation by fixed-
width intervals.
On the probability space (Q,F,P) consider a sequence of independent equally normally distributed random

1 n
£l 0 : 0 =2t
variables °1272°7" 21> with mean and variance 9 . Using the empirical mean =L we will
I(n)=[6,-¢,0 +¢]

construct an interval estimate for the unknown mean 0 , here € > 0 is a small number.

A A 1 ¢ -5
dy:Ol(”_Vj, o(ojzfj'a "y
Forthesignificancelevelo <y<l ,wefindthequantile 2 here 2 .Then
> (E-0) n
i=1 < g\/z .a > 1 Z éi _9

Bi@ec(n,); =P <al=2 ()-1=y

=1 O

the inequality

2 2
) ao
ng=1nf(n21:n2 2]
&

holds for an integer

Therefore, I(ng) it is an interval estimate for an unknown mean with a confidence level of 0<y< 1.
2
If the variance O of the normal distribution is unknown, then, as shown in the work of G.Danzig [1], it is

impossible to construct a fixed-width confidence interval for the mean 0 based on a sample of a fixed non-
random volume.
In this case, the task of consistent estimation by confidence intervals of a fixed width is reduced to the task

2
. a
Ng:mf[nzl.nz—zonj ,
, Where

. . & o . .
of choosing a rule or stopping moment " a consistent estimate for an
2 limP{@eI(N,)} =2y
unknown variance @ and finding conditions for fulfilment -0 (asymptotic consistency of

the confidence interval ](Nf) ). Many researchers have been engaged in solving this problem.

Specific statistical models in which the approach of this work based on the application of limit theorems
for randomly stopped stochastic processes is used to prove the asymptotic validity of confidence intervals of a
fixed width are considered in [24-26].

1. Sequential interval estimation of a functional from an unknown distribution function.

Let us consider random variables él’gz""’gﬂ with an unknown distribution function F(x),xe R, from

on the probability space (Q, £, P), where Y is a family of distribution functions satisfying certain regularity

O(F)

conditions. To evaluate the functional of the distribution function F( ) we consider a consistent

estimate 0,(F)=0,(c1,-55,) that satisfies the conditions:
(A): the decomposition is valid for the estimate 9” (F) :
6,(F)=0(F)+[0,(F)~ E(6,(F)+[E(6,(F))~0(F)]=0(F)+ ) Y,(F,§)+Z,
k=1

,(1) here the

2
random variables Y(F.&).1sk<n o (F)>0

, which means as ## = ®

1S Y (F.£)—L s N(0,6°(F)

and the bias Z” are such that there are numbers & > 0 and

, 1Z,—0

N(0,6°(F)) *(F) and the

where is a normally distributed random variable with mean 0, variance

_D .
symbol means weak convergence of random variables.
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b0 (:7)
For the significance level 0<y<l we find the quantile 2 and for a small number € > 0,

we denote the integer

1
a’c’(F) jm
2

n, =inf nzlznz(
&

)
I(n,) :[0”6 ()=, 9”6 (F)+e] interval . Then, from condition (A) and
o (F)n(0,(F)=0(F)—2>N(O,1)  pn— o0

and construct the 2€ length

from Slutsky’s theorem [27], we obtain . Therefore,

P{O(F)e1(n,)} =P/

0, (F)-0(F)|< g} = P{a-1 (F)n |6, (F)-0(F)| < Ma} >
a

> é{d'_l (F)n®

0.(F)-0|<af>2 O-t=r . o

2
This sequential procedure has the disadvantage that " it depends on unknown functionality o™ (F)
2 12
, SO it is necessary to evaluate it. Let ‘'s assume a Vo=V (6:650m6) reasonable estimate for the unknown

2
o (F) . Based on (2), we define the moment of stopping N, as follows

1
2172 \24
N, =inf nZl:nZ(aV”j ,

2
&

e>0. (3)
Then the sequential confidence interval for the unknown , based on the moment of stopping (3), has the
o TN =10, (F)=£.,0, (F)+¢],

asymptotic criteria:

e > 0. Following X. Chow and N. Robbins [2] introduce the following

Definition 1.1. A fixed-width confidence interval I(Nf) is called asymptotically consistent if

I(N,)

holds for a confidence level of O<y<l and for all

Definition 1.2. The stopping moment N, is called asymptotically effective if
. A(N)
lim———===1.

i &0 n
consistent and €

is asymptotically

Note that the number ", is equal to the minimum number of observations necessary for the asymptotic

I(n,)=[6, (F)~¢&,6, (F)+&]

probability as € = 0 covering the interval of the “known” functional to

be at least the confidence level O<y< 1. Therefore, the asymptotic efficiency in the sense of the Chow and

Robbins stopping moment Nf means that the average stopping moment NE for small € behaves “the same”

o(F)

as in the case of “well - known” functionality
If Vnz -0’ (F)

Theorem 1.1. with probability 1 as 7 —> P then:
1) Forany €>0 PN, <Oo}:1;
2) N, = with a probability of 1 as € =0 ;
IimE(N,)=0o0

3) £—0

N

£ 1

4) " with a probability of 1 as € >0

447
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n—»0 g

2172
V 2a
P{N, =0} =lim P{N, > n} < lim P n<[" g j = 0.
Proof. 1) For any € > 0
2) It can be seen from (3) that N, increases with decreasing € and N, = with probability 1 as € = 0.
IimE(N,) =0

3) From the monotone convergence theorem we get ¢—0
4) From (2) and (3), there are inequalities for any € > 0

252 2 e e L
1 (6‘ ) ] SLS(%JZ an]\? 2a N <] CZZV]\% » 2a
E e & < S + &
(&%) +(a202(F))2a n, a o (F) po p
and

2 2
Since N, > as € >0 and V. > o (F) with probability 1 as € =0 then

1 1
V2 2a
e —1
o’ (F)

V]\% . 2a

+ -1
o (F) . . 0

and with probability 1 as € = Y . Hence, the last statement of the

1
2a 1

U8 Y A U (L
%a %W N, N o’ (F)

+(0?(F)) £

2 2
a
theorem is obtained from the relation ( )

Z upP{
Theorem 1.2. If for some number <0 >0 the series "=1"5%5%

EW)

}
n
¢ converges, then

lim £
0
E—> ng

To prove the statement of Theorem 1.2, it is sufficient to show (by virtue of Theorem 2.1 [28]) the uniform
integrability of the set, but as shown in [29] (Lemma 3.2), it is sufficient to fulfill the condition of Theorem 1.2.
Theorem 1.3. Let the condition of Theorem 1.1 be fulfilled. and

o " (EGEN=0F) >0y o,
2SO [0 =W (D1 e[0.1]

J
>0 , here, the symbol ”> means weak convergence
[n,t]

£, ()=c"'(F)-n! Z (F.&).t€[0,1]
in the Skorokhod J-topology,

process with E(W () =0,E(W* (1) =1. Then:
) o (F)N! (6, (F)—0(F))—2—> N(0,1)
¢ a

d W(t),te[O,l] the Wiener

s €—0.
ImP(O(F)el(N ))=
2) 0 ( ( )E ( ‘9))
consistent.
To prove the statements of Theorem 1.3., we note that from 2) the conditions of Theorem 1.3. and 4) the

, that is, the confidence interval of a fixed width I(N,) is asymptotically

statements of Theorem 1.1. we obtain that for a random process gg (0),t€[0,1] and for a random variable
N

&

n, , the conditions of Theorem 2.8.1 [23] on the limiting distribution of randomly stopped stochastic processes
are fulfilled. From this theorem, 1) the conditions of Theorem 1.3 and from decomposition (1) we obtain the
statements of Theorem 1.3.

Remark 1.1. If the conditions of Theorems 1.2 and 1.3 are fulfilled, then the stopping moment (3) is
asymptotically efficient in the sense of Chow and Robbins.

448
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2. Sequential interval estimation of the probability density of a linear random process.
Let us consider a strictly stationary linear random process on the probability space (Q,F,P), represented
as follows

X, =>gVY,
n=0

, (4)
Y,teZ={.,-101..}

is a sequence of independent identically distributed random variables
-0

where

,n>0
and {g” } a sequence of numbers such that & for = % Random processes of the form (4)
describe, for example, autoregressive and mixed moving average autoregressive schemes.

Denote by f(xl,xz,...,xk)

the marginal probability density J(x)xe (=
point X, consider the kernel type estimate

1 x—-X,
T =y ZK( ) ]
E (x), x € (—o0,0)

X, X
the joint probability density of a random vector( e ") . Assume that

%0,0) is unknown. To estimate the probability density S () ata

(5)
is a non-negative and bounded function,
numbers such that /(") =0 tor n — 0.

Remark 2.1. The estimate (5) depends on the decreasing sequence of numbers th(n),n 21; chosen

by the statistician. The optimal sequence th(n),n 21} , that is, one in which the root-mean-square error has
the smallest order of magnitude, depends on an unknown probability density and its derivatives. Methods for

{h(n),n >1}

where a sequence of real

choosing the optimal sequence th(n),n 21 based on observations and balancing the spread and bias of the
estimate are given, for example, in the monograph by E. Nadaray [30].
The estimate (5) allows decomposition

ARZSD+ XK )+,

’

J(K, )=k (k_ﬁ)—(Kl FFXQ}MQS
whny \ ) )" Unk(ny (o) 2,=E(f,(0)-f(x)

roe
° . . 1-k(u
k() = [ exp(iuy)K (y)dv.k, = lim -0 ‘ ‘
We denote —o0 |u| and let p(e) and w(e) be characteristic

functions of random variables Yl and Xl . Let’s introduce the conditions

[Kdy & K2() lim | y | K(7) =0, [ |K(y+h)=K(y)| dy

(A): = < o, < < 17 where

G is the final positive constant;

Jlup@yrau | [ exp(eiun) u y(u)du|
(B): —= <o, 4 <o < « for some 4 > 0;
(C): E(R T <o for some M >0 andif M21 then E(YI)ZO;
. « _ 1
Zl|gi| =0(n™") a:ﬂ a=—
(D): i=n for some y >0, where 2 jf m<1 gng 2 jfm>1

(H): };(m): —ﬂ’0<(p<1, >0

Remark 2.2. The constant C in condition (H) is chosen based on observations. For example, E.Parzen
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kf (x)
(2q |k, /(X))
(@) (9)
and it is not difficult to prove that if f"(x) and 1" () are consistent estimates for J(x) and / (x),

Vo= N kf, (x)
N, =N(f,(x0), /;"(x)) = .
respectively, then (\/Z LA "))

In this case ﬂo <p<l the problem of choosing a constant C based on observations remains open, at
least within the scope of this work.

- N =N (), /9 (x)) =

[31] showed that for 2q+1 a constant C has the form

is a consistent estimate for C.

<p<l
Theorem 2.1. [K.Chanda 32] Let conditions (A), (B), (C), (D), (H) and 2q+1 be fulfilled. Then
-8 =
-l D -5
o n Y (K,X,)——N(0,1) =
; andnzZ"_)Ofor”_>°°,where.o-2:k'f(x)'

a =0‘-‘(—1+7

y
For the significance level 0<y<l we find the quantile 2 and for any number € > 0 we

construct

1
2 2\ g
) ao
n, =inf nzl:nz[ j

2
&

(6)

For the 2€ length interval I(n,)= [f”v (x) _g’f”e (x)+¢] from Theorem 3.1. we obtain

P{f(x)el(n)} = P{f, () f(x)

1-p

<ef=

1-p

1-p -1 2
2 -1 I O- I’l g -1
=Bl 'n? fné_(x)—f(x)|ST‘9a zp{a n 2

fng(x)—f(x)|ﬁa}—>2 ()-1=y

as € >0 This sequential procedure has the disadvantage that e depends on an unknown probability

2
density J () through O | so instead " consider the moment of stopping

2 B
N, =inf nZl:nZ[C;—zkfn(x)j ’ ,
e>0. (7)
Then the sequential confidence interval for J(x) , based on the moment of stopping (7) has the form
I(N,) =1fy, () =&, fy, () +&],

[e]

HK(t)—aK(at)ldtScz%,]]u ['| (u) | du

€ > 0. Let's introduce the condition

(E): — <wopgna0<b<a <1n5=0L2 yhere &
is a positive constant.
1 1
<f<—=
Teopema 2.2. 1) If conditions (A) , (B), (C), (D), (E), (H) and 2q+1 2 are met, then J,(0) = f(x)

z sup P{N‘g > m} <

&y > 0 m=10<e<g, n,

with probability 1 for 77 = % and for some
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<p<l

2) If conditions (A), (B), (C), (D) and 2q+1 are fulfilled, then
¢.(),te [0,1]—L>W(1),t €[0,1] as €0

L 1= [nd]
B2 3 Y, (), €[0]]
where is the random process i=1
— 2 —

process with EW(0)=0,EW (1)) =1.

Hence, from Theorems 1.1., 1.2. and 1.3 we obtain following theorem.

1 1
<f<—

Theorem 2.3. If conditions (A), (B), (C), (D), (E), (H) and 2q+1 2 are fulfilled , then for e from (6)
and the stopping moment (7):

P{N, <o} =1

ang WO, €[0,1]

the Wiener

1) foranye>0

2) Ve ™% Lith a probability of 1 at £ =0 :

IimE(N )=
3) 0 ( g) :

N“al

4) " with a probability of 1 at € =0

limw =1.
&£—0 n

5) €
From Theorem 2 of the first paragraph, we obtain following theorem.

<p<l
Theorem 2.4. Let conditions (A), (B), (C), (D), (H) and 2q+1 be fulfilled. Then

1-B
o N (£, (0= () o NOD)

limP(f (x)eI(N,)) 2y

1)

, that is, the confidence interval of a fixed width I(NS) is asymptotically

2)
consistent.
1 1
<p<—
From Theorems 2.3. and 2.4. we obtain that if conditions (A), (B), (C), (D), (E), (H) and 2q+1 2

are fulfilled, then the stopping moment (7) is asymptotically efficient in the sense of Chow and Robbins.

CONCLUSIONS AND SUGGESTIONS

The results of the study demonstrate that sequential fixed-width interval estimation provides a theoretically
justified and practically efficient framework for constructing reliable confidence intervals in settings where
classical fixed-sample methods are inadequate. By applying limit theorems for randomly stopped processes,
the paper establishes general conditions under which sequential procedures achieve asymptotic consistency
and efficiency for a wide class of statistical functionals. The application to kernel-based density estimation
for linear processes further confirms that the sequential approach remains robust even in dependent data
structures, offering a unified methodology for complex models.

To support further development of this field, it is essential to expand sequential estimation techniques to
broader classes of dependent processes, explore adaptive bandwidth selection methods for nonparametric
estimators, and integrate data-driven stopping rules capable of operating under minimal assumptions.
Strengthening computational frameworks for real-time sequential inference and developing hybrid methods
that combine classical and sequential techniques would significantly enhance the applicability of fixed-width
interval estimation across modern statistical and econometric problems.
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